Abstract. By combining the join construction [BGO07] from Sasakian geometry with the Hamiltonian 2-form construction [ACG06] from Kähler geometry, we recover Sasaki-Einstein metrics discovered by physicists [GMSW04a]. Our geometrical approach allows us to give an algorithm for computing the topology of these SasakiEinstein manifolds. In particular, we explicitly compute the cohomology rings for several cases of interest and give a formula for homotopy equivalence in one particular 7-dimensional case. We also show that our construction gives at least a two dimensional cone of both Sasaki-Ricci solitons and extremal Sasaki metrics.
Introduction
Recently the authors have been able to obtain many new results on extremal Sasakian geometry [BTF13b, BTF13a, BTF14a] by giving a geometric construction that combines the 'join construction' of [BG00, BGO07] with the 'admissible construction of Hamiltonian 2-forms' for extremal Kähler metrics described in [ACG06, ACGTF04, ACGTF08b, ACGTF08a] . In particular, we have proven the existence of Sasaki metrics of constant scalar curvature in a countable number of contact structures of Sasaki type with 2-dimensional Sasaki cones on S 3 -bundles over Riemann surfaces of positive genus. In this case the contact bundle D satisfies c 1 (D) = 0. These are all the 2-dimensional Sasaki cones on S 3 -bundles over Riemann surfaces that one can construct through our method. In the present paper we consider the case of certain lens space bundles over a compact positive Kähler-Einstein manifold whose contact bundle has vanishing first Chern class. In this case a constant scalar curvature Sasaki metric (CSC) implies the existence of a Sasaki-Einstein metric in the CSC ray.
Earlier, physicists [GHP03, GMSW04b, GMSW04a, CLPP05, MS05] working on the AdS/CFT correspondence had discovered a method of constructing Sasaki-Einstein metrics in dimension 2n + 3 from a Kähler-Einstein metric on a 2n-dimensional manifold. Their method is very closely related to the Hamiltonian 2-form approach of [ACG06] (cf. Section 4.3 of [Spa11] ). In the present paper we show that the physicist's results fit naturally into our geometric construction. Furthermore, our geometric approach leads naturally to an algorithm for computing the cohomology ring of the 2n + 3-manifolds. In particular, we explicitly compute the cohomology ring of all such examples in dimension 7 showing that there are a countably infinite number of distinct homotopy types of such manifolds.
Our procedure involves taking a join of a regular Sasaki-Einstein manifold M with the weighted 3-sphere S 3 w , that is, S 3 with its the standard contact structure, but with a weighted contact 1-form whose Reeb vector field generates rotations with different weights for the two complex coordinates z 1 , z 2 of S 3 ⊂ C 2 . We call this the S Then for each vector w = (w 1 , w 2 ) ∈ Z + × Z + with relatively prime components satisfying w 1 > w 2 there exists a Reeb vector field ξ v in the 2-dimensional w-Sasaki cone on M l 1 ,l 2 ,w such that the corresponding Sasakian structure S = (ξ v , η v , Φ, g) is Sasaki-Einstein. Additionally (up to isotopy) the Sasakian structure associated to every single ray, ξ v , in the w-Sasaki cone is a Sasaki-Ricci soliton as well as extremal.
By the w-Sasaki cone we mean the subcone of Sasaki cone spanned by the 2-vector w. Note also that if N has no Hamiltonian vector fields, then the w-Sasaki cone is the full Sasaki cone, so in this case the Sasaki cone is exhausted by extremal Sasaki metrics as well as Sasaki-Ricci solitons.
Most of the SE structures in Theorem 1.1 are irregular. Such structures have irreducible transverse holonomy [HS12] , implying there can be no generalization of the join procedure to the irregular case. We must deform within the Sasaki cone to obtain them. Furthermore, it follows from [RT11, CS12] that constant scalar curvature Sasaki metrics (hence, SE) imply a certain K-semistability.
An easy case in all possible dimension is joining with the standard odd dimensional sphere in which case we obtain: Theorem 1.2. For each pair of ordered (w 1 > w 2 ) relatively prime positive integers (w 1 , w 2 ) there is a 2r + 3-dimensional Sasaki-Einstein manifold M where x, y are classes of degree 2 and 2r + 1, respectively, and (l 1 , l 2 ) are given by (l 1 , l 2 ) = r + 1 gcd(w 1 + w 2 , r + 1) , w 1 + w 2 gcd(w 1 + w 2 , r + 1)
.
This theorem provides us with many examples of Sasaki-Einstein manifolds with isomorphic cohomology rings. We have Corollary 1.3. Let k denote the length of the prime decomposition of w 1 w 2 , then there are 2 k−1 simply connected Sasaki-Einstein manifolds of dimension 2r + 3 determined by Theorem 1.2 with isomorphic cohomology rings such that H 4 has order w 1 w 2 l 2 1 . For the manifolds M 7 l 1 ,l 2 ,w of dimension 7 (r = 2) much more is known about the topology. These are special cases of what are called generalized Witten spaces in [Esc05] . In particular, the homotopy type was given in [Kru97] , while the homeomorphism and diffeomorphism type was given in [Esc05] . For our subclass admitting Sasaki-Einstein metrics we give necessary and sufficient conditions on w for homotopy equivalence when the order of H 4 is odd in Proposition 4.9 below. Thus, we answer in the affirmative the existence of Einstein metrics on certain generalized Witten manifolds.
Aside from the w-join with the 5-sphere, for dimension 7 our method produces Sasaki-Einstein manifolds M with the ring relations determined by α i ∪ α j = 0, w 1 w 2 s 2 = 0, (w 1 + w 2 )α i ∪ s = 0, and α i , s are the k + 1 two classes with i = 1, · · · k where k = 3, · · · , 8. Furthermore, when 4 ≤ k ≤ 8 the local moduli space of Sasaki-Einstein metrics has real dimension 4(k − 4).
The paper is organized as follows. Section 2 gives a brief review of ruled manifolds that are the projectivization of a complex rank 2 vector bundle of the form S = P(1l ⊕ L) over a Kähler-Einstein manifold N. These admit Hamiltonian 2-forms that give rise to the Kähler admissible construction that is necessary for our procedure. In the somewhat long Section 3 we describe our join construction, in particular, the join with the weighted 3-sphere, S 3 w . We then discuss in detail the orbit structure of quasi-regular Reeb vector fields in the w-Sasaki cone. Generally, the quotients appear as orbifold log pairs (S, ∆) which fiber over N with fiber an orbifold of the form
where ∆ is branch divisor, and
is a weighted projective space. Moreover, we give conditions for the existence of a regular Reeb vector field, that is, when the quotient has a trivial orbifold structure. In Section 4 we discuss the topology of the joins, giving an algorithm for computing the integral cohomology ring. We work out the details in several cases which gives the proofs of Theorems 1.2, 1.4, and Corollary 1.3. Finally, in Section 5 we present the details of the admissibility conditions that proves Theorem 1.1.
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Ruled Manifolds
In this section we consider ruled manifolds of the following form. Let (N, ω N ) be a compact Kähler manifold with primitive integer Kähler class [ω N ], that is, a Hodge manifold. Consider a rank two complex vector bundle of the form E = 1l⊕L where L is a complex line bundle on N and 1l denotes the trivial bundle. By a ruled manifold we shall mean the projectivization S = P(1l⊕L). We can view S as a compactification of the complex line bundle L on N by adding the 'section at infinity'. For x ∈ N we let (u, v) denote a point of the fiber E x = 1l ⊕ L x . There is a natural action of C * (hence, S 1 ) on E given by (c, z) → (c, λz) with λ ∈ C * . The action z → λz is a complex irreducible representation of C * determined by the line bundle L. Such representations (characters) are labeled by the integers Z. Thus, we write L = L n for n ∈ Z and refer to n as the 'degree' of L.
2.1.
A Construction of Ruled Manifolds. We now give a construction of such manifolds. Let S 1 − − →M− − →N be the circle bundle over N determined by the class [ω N ] ∈ H 2 (N, Z). We denote the S 1 -action by (x, u) → (x, e iθ u). Now represent S 3 ⊂ C 2 as |z 1 | 2 + |z 2 | 2 = 1 and consider an S 1 -action on M × S 3 given by (x, u; z 1 , z 2 ) → (x, e iθ u; z 1 , e inθ z 2 ). There is also the standard S 1 -action on S 3 given by
Lemma 2.1. The quotient by the T 2 -action of Equation (1) is the projectivization S n = P(1l ⊕ L n ).
Proof. First we see from (1) that the action is free, so there is a natural bundle projection (M × S 3 )/T 2 − − →N defined by π(x, [u; z 1 , z 2 ]) = x where the bracket denotes the T 2 equivalence class. The fiber is π −1 (x) = [u; z 1 , z 2 ] which since u parameterizes a circle is identified with S 3 /S 1 = CP 1 . This bundle is trivial if and only if n = 0 and n labels the irreducible representation of S 1 on the line bundle L n .
We can take the line bundle L 1 to be any primitive line bundle in Pic(N). In particular, we are interested in the taking L 1 to be the line bundle associated to the primitive cohomology class [ω N ] ∈ H 2 (N, Z).
Then we have
Lemma 2.2. The following relation holds:
Proof. Equation (1) implies that the S 1 -action on the line bundle L n is given by z → e inθ z. But we know that the definition of M that it is the unit sphere in the line bundle over N corresponding to n = 1, and this corresponds to the class [ 
2.2. The Admissible Construction. Let us now suppose that (N, ω N ) is Kähler-Einstein with Kähler metric g N and Ricci form ρ N = 2πI N ω N , where I N denotes the Fano index. We will also assume that n from Section 2.1 is non-zero. Then (ω Nn , g Nn ) := (2nπω N , 2nπg N ) satisfies that (g Nn , ω Nn ) or (−g Nn , −ω Nn ) is a Kähler structure (depending on the sign of n). In either case, we let (±g Nn , ±ω Nn ) refer to the Kähler structure. We denote the real dimension of N by 2d N and write the scalar curvature of ±g Nn as ±2d Nn s Nn . [So, if e.g. −g Nn is a Kähler structure with positive scalar curvature, s Nn would be negative.] Since the (scale invariant) Ricci form is given by ρ N = s Nn ω Nn , it is easy to see that s Nn = I N /n. Now Lemma 2.2 implies that c 1 (L n ) = [ω Nn /2π]. Then, following [ACGTF08b] , the total space of the projectivization S n = P(1l ⊕ L n ) is called admissible.
On these manifolds, a particular type of Kähler metric on S n , also called admissible, can now be constructed [ACGTF08b] . We shall describe this construction in Section 5 where we will use it to prove Theorem 1.1.
An admissible Kähler manifold is a special case of a Kähler manifold admitting a so-called Hamiltonian 2-form. Let (S, J, ω, g) be a Kähler manifold of real dimension 2n. Recall [ACG06] that on (S, J, ω, g) a Hamiltonian 2-form is a J-invariant 2-form φ that satisfies the differential equation
for any vector field X. Here X ♭ indicates the 1-form dual to X, and tr φ is the trace with respect to the Kähler form ω, i.e. tr φ = g(φ, ω) where g is the Kähler metric. Note that if φ is a Hamiltonian 2-form, then so is φ a,b = aφ + bω for any constants a, b ∈ R.
A Hamiltonian 2-form φ induces an isometric hamiltonian l-torus action on S for some 0 ≤ l ≤ n. To see this, we follow [ACG06] and use the Kähler form ω to identify φ with a Hermitian endomorphism. Consider now the elementary symmetric functions σ 1 , . . . , σ n of its n eigenvalues. The Hamiltonian vector fields K i = Jgradσ i are Killing with respect to the Kähler metric g. Moreover the Poisson brackets {σ i , σ j } all vanish and so, in particular the vector fields K 1 , ..., K n commute. In the case where K 1 , ..., K n are independent, we have that (S, J, ω, g) is toric. In fact, it is a very special kind of toric, namely orthotoric [ACG06] . In general, it is proved in [ACG06] that there exists a number 0 ≤ l ≤ n such that the span of K 1 , ..., K n is everywhere at most l − dimensional and on an open dense set S 0 K 1 , ..., K l are linearly independent. Now l is called the order of φ. We have 0 ≤ l ≤ n.
The admissible metrics as described in section 5 admit a Hamiltonian 2-form of order one (see Remark 5.1).
The Join Construction
The join construction was first introduced in [BG00] for SasakiEinstein manifolds, and later generalized to any quasi-regular Sasakian manifolds in [BGO07] (see also Section 7.6.2 of [BG08] ). However, as pointed out in [BTF13a] it is actually a construction involving the orbifold Boothby-Wang construction [BW58, BG00], and so applies to quasi-regular strict contact structures. Although it is quite natural to do so, we do not need to fix the transverse (almost) complex structure.
Moreover, in [BTF14a] it was shown that in the special case of S 3 -bundles over Riemann surfaces a twisted transverse complex structure on a regular Sasakian manifold can be realized by a product transverse complex structure on a certain quasi-regular Sasakian structure in the same Sasaki cone. We are interested in exploring just how far this analogy generalizes.
The general join construction proceeds as follows. Given compact quasi-regular contact manifolds (M i , η i ) where S i is a Sasakian structure with contact forms η i and dim M i = 2n i + 1 together with a pair of relatively prime integers (l 1 , l 2 ), we construct new contact orbifolds M 1 ⋆ l 1 ,l 2 M 2 of dimension 2(n 1 + n 2 ) + 1 as follows: the Reeb vector fields ξ i of η i generate a locally free circle action whose quotient Z i is a symplectic orbifold with symplectic form ω i satisfying π * i ω i = dη i where π i : M i − − →Z i is the natural quotient projection. The product orbifold Z 1 ×Z 2 has symplectic structures ω l 1 ,l 2 = l 1 ω 1 +l 2 ω 2 where the forms ω i define primitive cohomology classes in H 2 orb (Z i , Z). This implies that the cohomology class [ω l 1 ,l 2 ] is also primitive. The orbifold BoothbyWang construction [BG00] then gives a contact structure with contact form η l 1 ,l 2 on the total space
is the natural orbibundle projection. We also note that η l 1 ,l 2 is a connection 1-form in this orbibundle. The orbifold M 1 ⋆ l 1 ,l 2 M 2 can also be given as the quotient space of a locally free circle action on the manifold M 1 × M 2 . Let ξ i denote the Reeb vector field of the contact manifold (M i , η i ). We consider η l 1 ,l 2 = l 1 η 1 + l 2 η 2 as a 1-form on the product M 1 × M 2 . From the Reeb vector fields ξ i we construct the vector field
ξ 2 which induces a locally free circle action on M 1 × M 2 . This action is free if gcd(l 2 υ 1 , l 1 υ 2 ) = 1 in which case the quotient is a smooth manifold. It is called the (l 1 , l 2 )-join of M 1 and M 2 and denoted by M 1 ⋆ l 1 ,l 2 M 2 . Here υ i denotes the order of M i , that is, the lcm of the orders of the isotropy groups of the locally free action.
So far nothing has been said about Sasakian or Kählerian structures. However, given any symplectic structure, one can choose a compatible almost complex structure, giving an almost Kähler manifold. Similarly, given a quasi-regular contact structure one can choose a compatible transverse almost complex structure giving a K-contact manifold. Furthermore, the transverse almost complex structure on M is the horizontal lift of the almost complex structure on N, and when these structures are integrable M is Sasakian and N is Kählerian. We have the following easily verified facts about the Sasaki cone and the joins of Sasaki manifolds:
• The join of extremal Sasaki metrics gives an extremal Sasaki metric.
• The join of CSC Sasaki metrics gives a CSC Sasaki metric.
• Let (M i , S i ) be quasi-regular Sasakian manifolds with Sasaki cones κ i , respectively. Let κ ⋆ denote the Sasaki cone of the join
• If the dimension of the Sasaki cone κ(S) is greater than 1 then S is of positive or indefinite type.
3.1. The S 3 w -Join. Here we apply the (l 1 , l 2 )-join construction to the case at hand, namely, the (l 1 , l 2 )-join of a regular Sasaki manifold M with the weighted 3-sphere S 
, and w 1 , w 2 are relatively prime positive integers. In this case the smoothness condition becomes gcd(l 2 , l 1 w 1 w 2 ) = 1 which, since gcd(l 1 , l 2 ) = 1, is equivalent to gcd(l 2 , w i ) = 1 for i = 1, 2.
We consider the quotient M ⋆ l 1 ,l 2 S 3 w of M × S 3 by the S 1 -action generated by the vector field L l 1 ,l 2 . Moreover, the 1-form η l 1 ,l 2 passes to the quotient and gives it a contact structure. The Reeb vector field of η l 1 ,l 2 is the vector field
and we have the commutative diagram
where the πs are the obvious projections, and CP 1 [w] is the weighted projective space usually written as CP(w 1 , w 2 ).
3.2. The Cohomological Einstein Condition. Let us compute the first Chern class of our induced contact structure D l 1 ,l 2 ,w on M ⋆ l 1 ,l 2 S For this we compute the orbifold first Chern class of 
Now we assume that N is Kähler-Einstein with Kähler form ω N which for convenience we assume to define a primitive class
This implies the condition l 2 I N = |w|l 1 . We have arrived at:
Lemma 3.1. Necessary conditions for the Sasaki manifold M l 1 ,l 2 ,w to admit a Sasaki-Einstein metric is that I N > 0, and that
Remark 3.2. The integers l 1 , l 2 in Lemma 3.1 were called relative Fano indices in [BG00]. For the remainder of the paper we assume that these integers take the values given by Lemma 3.1.
3.3. The Tori Actions. Consider the action of the 3-dimensional torus
The Lie algebra t 3 of T 3 is generated by the vector fields
w is the quotient by the circle subgroup S 1 θ obtained by setting φ i = 0 for i = 1, 2 in Equation (8). We can realize the quotient procedure in two stages. First, divide by the cyclic subgroup Z l 2 ⊂ S 1 θ to get M × L(l 2 ; l 1 w) and then divide by the quotient S 1 θ /Z l 2 to realize M l 1 ,l 2 ,w as an associated fiber bundle to the principal S 1 -bundle over N with fiber L(l 2 ; l 1 w). Here L(l 2 ; l 1 w) is the lens space L(l 2 ; l 1 w 1 , l 1 w 2 ).
The infinitesimal generator of the S 1 θ action is given by
and we denote its Lie subalgebra by {L l 1 ,l 2 , w} to indicate its dependence on the weight vector w. We have an exact sequence of Abelian Lie algebras
The quotient algebra t 2 is generated by the H 1 , H 2 . So as in [BTF14a] the Sasaki cone t + 2 on M l 1 ,l 2 ,w is inherited by the Sasaki cone on S 3 . We refer to this 2-dimensional cone as the w-Sasaki cone or just wcone. We remark that t + 2 may not be the full Sasaki cone, since the Sasakian structure on M may have a Sasaki automorphism group whose dimension is greater than one. However, here we shall only work with the restricted Sasaki cone t + 2 . Next we consider the 2-torus action generated by setting φ i = v i φ in Equation (8) where for now v 1 , v 2 are relatively prime positive integers. As in the proof of Proposition 3.8 of [BTF14a] we get a commutative diagram
where B l 1 ,l 2 ,v,w is a bundle over N with fiber a weighted projective space, and π B denotes the quotient projection by T 2 . The Lie algebra of this T 2 is generated by
2 action describing the π B quotient of Diagram (11) is given in this case, as in Equation (8), by (12)
First divide by the finite subgroup
This describes
as an associated fiber bundle to the principal S 1 -bundle M−→N with fiber L(l 2 ; l 1 w 1 , l 1 w 2 ) over the Kähler manifold N. The brackets in Equation (13) denote the equivalence class defined by (z
This gives rise to the Diagram (11)
Let us analyze the behavior of the T 2 action given by Equation (14). We shall see that it it not generally effective. First we notice that the S 1 θ action is free since it is free on the first factor. Next we look for fixed points under a subgroup of the circle S 1 φ . Thus, we impose
for some r = 0, . . . ,
for some integers k 1 , k 2 which in turn implies
This gives
which must be a nonnegative integer less than |w| gcd(|w|,I N )
. We can also solve Equations (16) for φ by eliminating
Next we write (17) as
Since v 1 and v 2 are relatively prime, we can choose k 1 and k 2 so that the term in the last parentheses is 1. This determines r as
Now suppose that z 2 = 0. Then generally we have e iv 1 φ = e . This gives
A similar computation at z 1 = 0 gives
We are interested in when regularity can occur. For this we need the minimal angle at the two endpoints to be equal. This gives
for some choice of integers k, k ′ and nonnegative integers r, r ′ < |w| gcd(|w|,I N ) . This gives
3.4. Periods of Reeb Orbits. We assume that w = (1, 1). We want to determine the periods of the orbits of the flow of the Reeb vector field defined by the weight vector v = (v 1 , v 2 ). In particular, we want to know when there is a regular Reeb vector field in the w-Sasaki cone.
Let us now generally determine the minimal angle, hence the generic period of the Reeb orbits, on the dense open subset Z defined by z 1 z 2 = 0. For convenience we set
. Proof. We choose k 1 , k 2 in Equation (19) so that the last parentheses equals 1. This gives
Rearranging this becomes
Since v 1 and v 2 are relatively prime this equation implies sk i = tw i +mv i for i = 1, 2 and some integer m. Putting this into Equation (18) gives φ = 2πm s , so the minimal angle is 2π s .
We now investigate the endpoints defined by z 2 = 0 and z 1 = 0. 
Proof. A Reeb vector field will be regular if and only if the period of its orbit is the same at all points. We know that it is 2π s on Z. We need to determine the minimal angle at the endpoints. From Equation (21) the angle at z 2 = 0 is
so we can choose k and r such that numerator of the term in the large parentheses is 1. This gives period 2π
. Similarly, at z 1 = 0 we have the period 2π
. So the period is the same at the endpoints if and only if v 1 = v 2 which is equivalent to v = (1, 1) since v 1 and v 2 are relatively prime which proves (2).
Moreover, the period is the same at all points if and only if (24)
).
But the last equation holds if and only if
(1) follows from the fact that for each i = 1, 2,
is an integral
We have an immediate Actually, one can say much more.
Proposition 3.6. Assume w = (1, 1). There are exactly K − 1 different w-Sasaki cones that have a regular Reeb vector field. These are given by
where K = gcd(I N , |w|) and 1 ≤ n < K.
Proof. By Proposition 3.4 a w-Sasaki cone contains a regular Reeb vector field if and only if there is n ∈ Z + such that
Clearly, for a solution we must have n < gcd(I N , w 1 + w 2 ). Then we have a solution if and only if
for all 1 ≤ n < K. Since w 1 > w 2 and they are relatively prime we have the unique solution Equation (25) for each integer 1 ≤ n < K.
Example 3.7. Let us determine the w-joins with regular Reeb vector field for I N = 2, 3. For example, if I N = 2 for a solution to Equation (25) we must have K = 2 which gives n = 1 and w = (3, 1). This has as a consequence Corollary 3.9 below. Similarly if I N = 3 we must have K = 3, which gives two solutions w = (2, 1) and w = (5, 1).
Example 3.8. Recall the contact structures Y p,q on S 2 × S 3 first studied in the context of Sasaki-Einstein metrics in [GMSW04b] 
Note that the conditions on p, q eliminate the case w = (1, 1). We claim that the following relations hold:
To see this we first notice that Lemma 3.1 implies that to have a SasakiEinstein metric we must have l 1 = 1 and l 2 = |w| 2 if |w| is even, and l 1 = 2 and l 2 = |w| if |w| is odd. Thus, the second of Equations (27) follows from the first and Equation (26). To prove the first equation we first notice that since p and q are relatively prime, gcd(p + q, p − q) is either 1 or 2. Next from Equation (26) we note that 2p = gcd(p + q, p − q)|w|. So if |w| is odd, then gcd(p + q, p − q) must be even, hence 2. So the first equation holds in this case. This also shows that if |w| is odd then p = |w| is also odd. Now if |w| is even then both p + q and p − q must be odd. But then gcd(p + q, p − q) must be 1. In this case p = |w|,I N ) ;
2 ] where the brackets denote the obvious equivalence classes on
The complex structure of B l 1 ,l 2 ,v,w is the projection of the transverse complex structure on M l 1 ,l 2 ,w which in turn is the lift of the product complex structure on N × CP 1 [w]. However, B l 1 ,l 2 ,v,w is not generally a product as a complex orbifold, nor even topologically. Now we can follow the analysis leading to Lemma 3.14 of [BTF14a]. So we define the map
It is a mv 1 v 2 -fold covering map. Similar to [BTF14a] we get a commutative diagram:
, where w ′ = (v 2 w 1 , v 1 w 2 ). So B l 1 ,l 2 ,v,w is the log pair (S n , ∆) with branch divisor
where S n is a smooth CP 1 -bundle over N, that is a ruled manifold as described in Section 2.1. Now B l 1 ,l 2 ,v,w is the quotient orbifold
Proof. The map is ostensibly holomorphic. Nowh v is the identity map on M and a v 1 v 2 -fold covering map on the corresponding lens spaces. From the commutative diagram (30) the induced map h v is fiber preserving and is a bijection on the fibers with holomorphic inverse.
Lemma 3.10 allows us to consider the orbifold B l 1 ,l 2 ,v,w as the log pair (B l 1 ,l 2 ,1,w ′ , ∆) where ∆ is given by Equation (31). Notice that even when v = (1, 1) the orbifold structure can be non-trivial, namely, B l 1 ,l 2 ,(1,1),w = (S n , ∆) where
The
The analysis above shows that this action is generally not free, but has branch divisors at the zero (z 2 = 0) and infinity (z 1 = 0) sections with ramification indices both equal to m. Equation (34) tells us that the T 2 -quotient space B l 1 ,l 2 ,1,w ′ is the projectivization of the holomorphic rank two vector bundle E = 1l ⊕ L n over N where 1l denotes the trivial line bundle and L n is a line bundle of 'degree' n = l 1 s (w 1 v 2 −w 2 v 1 ) with s = gcd(|w 1 v 2 −w 2 v 1 |, l 2 ). So S n = P(1l ⊕ L n ) is a smooth projective algebraic variety. Next we identify N with the zero section D 1 of L n , and note that c 1 (L n ) is just the restriction of the Poincaré dual of
Summarizing we have
Theorem 3.11. Let M l 1 ,l 2 ,w = M ⋆ l 1 ,l 2 S 3 w be the join as described in the beginning of the section with the induced contact structure D l 1 ,l 2 ,w satisfying c 1 (D l 1 ,l 2 ,w ) = 0. Let v = (v 1 , v 2 ) be a weight vector with relatively prime integer components and let ξ v be the corresponding Reeb vector field in the Sasaki cone t + 2 . Then the quotient of M l 1 ,l 2 ,w by the flow of the Reeb vector field ξ v is a projective algebraic orbifold written as a the log pair (S n , ∆) where S n is the total space of the projective bundle P(1l ⊕ L n ) over the Fano manifold N with n = . The fiber of the orbifold (S n , ∆) is the orbifold
Notice that in this case we have π orb 1 (S n , ∆) = Z m . Example 3.12. Consider w = (11, 1) and v = (4, 5). Let us take I N = 1. So we have l 1 = 1, l 2 = 12, and s = gcd(12, 55 − 4) = 3. Thus, the generic period of the Reeb vector field ξ v is , and the ramification index m = 6. The projective bundle S n = P(1l⊕L n ) has n = 5, so our log pair is (S 5 , ∆) with branch divisor
In this case the fiber is a global quotient (developable) orbifold, namely F = CP 1 /Z 6 with π orb 1 (F ) = Z 6 . Example 3.13. This is a continuation of Example 3.8. We take v = (1, 1). Then s = gcd(l 2 , w 1 − w 2 ) = gcd(p, 2q l 1 ).
So s = 1 if l 1 = 2 that is when |w| is odd which also implies that p is odd. Whereas, if |w| is even, l 1 = 1, so s = gcd(p, 2q) which is 2 if p is even and 1 if p is odd. Now consider n. We have
Thus, n = 2q when p is odd, and n = q when p is even in which case q must be odd. Moreover, from Equation (28) we have
So in this case our log pair is (S 2q , ∆) with
if p is odd, and (S q , ∆) with q odd and
if p is even. Here S 2q and S q are the even and odd Hirzebruch surfaces, respectively. Note for Y 2,1 there is no branch divisor, so it is regular as we know from Corollary 3.9 and S 1 is CP 2 blown-up at a point.
3.6. Examples with N a del Pezzo Surface. The Fano manifolds of complex dimension 2 are usually called del Pezzo surfaces. They are exactly CP 2 , CP 1 × CP 1 , and CP 2 blown-up at k generic points with 1 ≤ k ≤ 8. The join will be a Sasaki 7-manifold for these cases.
Example 3.14. For N = CP 2 with its standard Fubini-Study Kähle-rian structure, we have I N = 3. From Example 3.7 we see that we have a regular Reeb vector field in the w-Sasaki cone in precisely two cases, either w = (2, 1), or w = (5, 1). In the first case the relative Fano indices are (l 1 , l 2 ) = (1, 1) while in the second case they are (l 1 , l 2 ) = (1, 2). In the former case our 7-manifold M is an S 3 -bundle over CP 2 ; whereas, in the latter case the 7-manifold M follows from standard lens space theory that L(2; 5, 1) is diffeomorphic to the real projective space RP 3 .
Example 3.15. For N = CP 1 × CP 1 with its standard Fubini-Study Kählerian structure, we have I N = 2. There is only one case with a regular Reeb vector field, and that is w = (3, 1). Here the relative Fano indices are (1, 2). In this case the 7-manifold is (S 2 × S 3 ) ⋆ 1,2 S 3 (3,1)
which can be realized as an L(2; 3, 1) ≈ RP 3 lens space bundle over
Example 3.16. We take N to be CP 2 blown-up at k generic points where k = 1, . . . Generally, these are L(|w|; w 1 , w 2 ) lens space bundles over N k . Of course, the case w = (1, 1) is just an S 1 -bundle over N k × CP 1 with the product complex structure which is automatically regular. These were studied in [BG00].
The Topology of the Joins
Since we are interested in compact Sasaki-Einstein manifolds, which have finite fundamental group, we shall assume that the Sasaki manifold M is simply connected. It is then easy to construct examples with cyclic fundamental group. From the homotopy exact sequence of the fibration S 1 −→M × S 3 −→M l 1 ,l 2 ,w we have
We now describe our method for computing the cohomology ring of the join M l 1 ,l 2 ,w . 
where BG is the classifying space of a group G or Haefliger's classifying space [Hae84] of an orbifold if G is an orbifold. Note that the lower fibration is a product of fibrations. In particular, the fibration
is rationally equivalent to the Hopf fibration, so over Q the only nonvanishing differentials in its Leray-Serre spectral sequence are d 4 (β) = s 2 where β is the orientation class of S 3 and s is a basis in H 2 (BS 1 , Q) ≈ Q and those induced from d 4 by naturality. However, we want the cohomology over Z.
Lemma 4.2. For w 1 and w 2 relatively prime positive integers we have
for r odd.
Proof. As in [BG08] we cover the BCP 1 [w] with two overlapping open sets p −1 (U i ) ≈Ũ i × Γ i EO where U i is CP 1 \ {0} and CP 1 \ {∞} for i = 1, 2, respectively. The Mayer-Vietoris sequence is
EO is the Eilenberg-MacLane space K(Z w i , 1) whose cohomology is the group cohomology
∩Γ 2 EO and since w 1 , w 2 are relatively prime Γ 1 ∩ Γ 2 = Z w 1 ∩ Z w 2 = {1l}. So for r = 2 the Mayer-Vietoris sequence becomes
From the E 2 term of the Leray-Serre spectral sequence of the fibration (37), we see that the map j in (38) must be multiplication by w 1 w 2 implying that
For r > 2 even the sequence gives
One now easily sees that Lemma 4.3. The only non-vanishing differentials in the Leray-Serre spectral sequence of the fibration (37) are those induced naturally by
and α the orientation class of S 3 . (36) is that induced by the inclusion e iθ → (e il 2 θ , e −il 1 θ ). So noting
Now the map ψ of Diagram
we see that ψ * s 1 = l 2 s and ψ * s 2 = −l 1 s. This together with Lemma 4.3 gives d 4 (α) = w 1 w 2 l , |w| gcd(|w|, r + 1) .
Since l 1 , l 2 are uniquely determined by r and w, we write our joins as M 
where x, y are classes of degree 2 and 2r + 1, respectively.
Proof. The E 2 term of the Leray-Serre spectral sequence of the top fibration of diagram (36) is ) is SU(r+1)×T 2 , so these are toric Sasaki manifolds. However, our methods only make essential use of the 2-dimensional wsubtorus. We shall make use of the following
Proof. The equality of the 4th cohomology groups together with the definition of l 1 imply
Set g w = gcd(|w|, r + 1) and
Interchanging the roles of w ′ and w gives g w ′ = g w which implies l 1 (w ′ ) = l 1 (w), and hence, the lemma in the case that g w ′ > 1. Now assume g w ′ = 1. Then we have w 1 w 2 = w ′ 1 w ′ 2 g 2 w which implies that g w divides w 1 w 2 . But then since w 1 , w 2 are relatively prime, we must have g w = 1.
Let us set W = w 1 w 2 , and write the prime decomposition of W = w 1 w 2 = p a 1 1 · · · p a k k Let P k be the number of partitions of W into the product w 1 w 2 of unordered relatively prime integers, including the pair (w 1 w 2 , 1). Then a counting argument gives P k = 2 k−1 . Once counted we then order the pair w 1 > w 2 as before. Let P W denote the set of (2r + 3)-manifolds M 2r+3 w with isomorphic cohomology rings. Then Lemma 4.6 implies that the cardenality of P W is P k = 2 k−1 . This proves Corollary 1.3 on the Introduction.
Generally we can construct the join of any Sasaki-Einstein manifold with the standard S 3 to obtain new Sasaki-Einstein manifolds as done in [BG00]. In the present paper we take the join with a weighted S 3 w and then deform in the Sasaki-cone. From the topological viewpoint this usually adds torsion coming from the effect of Lemmas 4.2 and 4.3. However, in the simplest example which occurs in dimension 5 the differentials in the spectral sequence conspire to cancel the occurrence of torsion. Of course, in this dimension the only positive Kähler-Einstein 2-manifold is N = CP 1 with its standard Fubini-Study Kähler-Einstein structure. Then our procedure gives the 5-manifolds Y p,q discovered by the physicists [GMSW04b] which are diffeomorphic to S 2 × S 3 for all relatively prime positive integers p, q such that 1 < q < p. This case has been well studied from various perspectives [Boy11, BP14, MS05, CLPP05]. The 7-dimensional case is quite amenable to further study, and we shall concentrate our efforts in this direction.
It is worth mentioning that the finiteness of deformation types of smooth Fano manifolds implies a bound on the Betti numbers of the join which only depends on dimension. This gives a Betti number bound on the manifolds obtained from our construction. In particular, in dimension seven b 2 (M 7 k,w ) ≤ 9 as seen explicitly above, whereas, in dimension nine we have the bound b 2 (M (1) 3 divides |w| which implies l 2 = |w| 3
and l 1 = 1. (2) 3 does not divide |w| in which case l 2 = |w| and l 1 = 3. In both cases the cohomology ring is given by
where x, y are classes of degree 2 and 5, respectively.
Notice that in case (1) of Proposition 4.7 H 4 (M 7 w , Z) = Z w 1 w 2 , whereas in case (2) we have H 4 (M 7 w , Z) = Z 9w 1 w 2 . Since 3 must divide w 1 +w 2 in the first case and w 1 w 2 are relatively prime, their cohomology rings are never isomorphic.
Remark 4.8. Let us make a brief remark about the homogeneous case w = (1, 1) with symmetry group SU(3) × SU(2) × U(1). There is a unique solution with a Sasaki-Einstein metric as shown in [BG00]. However, dropping both the Einstein and Sasakian conditions, Kreck and Stolz [KS88] gave a diffeomorphism and homeomorphism classification. Furthermore, using the results of [WZ90] , they show that in certain cases each of the 28 diffeomorphism types admits an Einstein metric. If we drop the Einstein condition and allow contact bundles with non-trivial c 1 we can apply the classification results of [KS88] to the Sasakian case. This will be studied elsewhere.
For dimension 7 we see from Proposition 4.7 that if 3 divides w 1 + w 2 then the order |H 4 | is W . However, if 3 does not divide w 1 + w 2 then the order of |H 4 | is 9W . So by Lemma 4.6 P W splits into two cases, P 0 W if W + 1 is divisible by 3, and P 1 W if W + 1 is not divisible by 3. Of course, in either case the cardenality of P W is 2 k−1 where k is the number of prime powers in the prime decomposition of W . 
Proof. For r = 2 consider the E 6 differential d 6 (β) = l 2 (w) 3 s 3 in the spectral sequence of Proposition 4.5. Since l 2 is relatively prime to l 1 (w) 2 w 1 w 2 , this takes values in the multiplicative group Z 
. Note that the the other two conditions of Theorem 5.1 of [Kru97] are automatically satisfied in our case.
Using a Maple program we have checked some examples for homotopy equivalence which appears to be quite sparse. So far we haven't found any examples of a homotopy equivalence. However, we have not done a systematic computer search which we leave for future work.
Example 4.10. Our first example is an infinite sequence of pairs with the same cohomology ring. Set W = 3p with p an odd prime not equal to 3, which gives P k = 2. Then for each odd prime p = 3 there are two manifolds in P ∈ Q/Z. These can be determined as functions of w in our case by using the formulae in [Esc05, Kru05] ; however, they are quite complicated and the classification requires computer programing which we leave for future work.
It is interesting to compare the Sasaki-Einstein 7-manifolds described by Theorem 1.2 with the 3-Sasakian 7-manifolds studied in [BGM94, BG99] for their cohomology rings have the same form. Seven dimensional manifolds whose cohomology rings are of this type were called 7-manifolds of type r in [Kru97] where r is the order of H 4 . First recall that the 3-Sasakian 7-manifolds in [BGM94] are given by a triple of pairwise relatively prime positive integers (p 1 , p 2 , p 3 ) and H 4 is isomorphic to Z σ 2 (p) where σ 2 (p) = p 1 p 2 +p 1 p 3 +p 2 p 3 is the second elementary symmetric function of p = (p 1 , p 2 , p 3 ). It follows that σ 2 is odd. The following theorem is implicit in [Kru97] , but we give its simple proof here for completeness. 
We have I N = 2, so there are two cases: |w| is odd impying l 2 = |w| and l 1 = 2; and |w| is even with l 2 = |w| 2 and l 1 = 1. In both cases the smoothness condition gcd(l 2 , l 1 w i ) = 1 is satisfied. The E 2 term of the Leray-Serre spectral sequence of the top fibration of diagram (36) is
which by the Leray-Serre Theorem converges to H p+q (M l 1 ,l 2 ,w , Z). Here α is a 2-class and β, γ are 3-classes. live to E ∞ and there is no torsion in degree 2. Moreover, there is nothing in degree 1, and the 3-classes β i ∈ E 3,0 2 and γ ∈ E 3,0 4 die, so there is nothing in degree 3. However, there is torsion in degree 4, namely Z 
Admissible KE constructions
We now pick up the thread from Section 2.2 and describe the construction (see also [ACGTF08b] ) of admissible Kähler metrics on S n (in fact, more generally on log pairs (S n , ∆)). Consider the circle action on S n induced by the natural circle action on L n . It extends to a holomorphic C * action. The open and dense set S n0 ⊂ S n of stable points with respect to the latter action has the structure of a principal circle bundle over the stable quotient. The hermitian norm on the fibers induces, via a Legendre transform, a function z : S n0 → (−1, 1) whose extension to S n consists of the critical manifolds z −1 (1) = P (1l ⊕ 0) and z −1 (−1) = P (0 ⊕ L n ). Letting θ be a connection one form for the Hermitian metric on S n0 , with curvature dθ = ω Nn , an admissible Kähler metric and form are given up to scale by the respective formulas
valid on S n0 . Here Θ is a smooth function with domain containing (−1, 1) and r, is a real number of the same sign as g Nn and satisfying 0 < |r| < 1. The complex structure yielding this Kähler structure is given by the pullback of the base complex structure along with the requirement Jdz = Θθ. The function z is hamiltonian with K = J grad z a Killing vector field. In fact, z is the moment map on S n for the circle action, decomposing S n into the free orbits S n0 = z −1 ((−1, 1) ) and the special orbits D 1 = z −1 (1) and D 2 = z −1 (−1). Finally, θ satisfies θ(K) = 1.
Remark 5.1. Note that
is a Hamiltonian 2-form of order one.
We can now interpret g as a metric on the log pair (S n , ∆) with
if Θ satisfies the positivity and boundary conditions (44)
Remark 5.2. This construction is based on the symplectic viewpoint where different choices of Θ yields different complex structures all compatible with the same fixed symplectic form ω. However, for each Θ there is an S 1 -equivariant diffeomorphism pulling back J to the original fixed complex structure on S n in such a way that the Kähler form of the new Kähler metric is in the same cohomology class as ω [ACGTF08b] . Therefore, with all else fixed, we may view the set of the functions Θ satisfying (44) as parametrizing a family of Kähler metrics within the same Kähler class of (S n , ∆).
The Kähler class Ω r = [ω] of an admissible metric is also called admissible and is uniquely determined by the parameter r, once the data associated with S n (i.e. d N , s Nn , g Nn etc.) is fixed. In fact,
where P D denotes the Poincaré dual. The number r, together with the data associated with S n will be called admissible data. 
(1)/m 1 .
The Einstein Conditions. A Kähler metric is KE if and only if
ρ − λω = 0 for some constant λ. From [ACG06] we have that the Ricci form of an admissible metric given by (43) equals
Thus the KE condition is equivalent the ODE Since s Nn r > 0 we see that the base manifold N (not surprisingly) must have positive scalar curvature. If (49) is satisfied, then (48) is equivalent to the ODE:
Now it is easy to see that for a solution satisfying (46) to exist we need
On the other hand, if this is satisfied
would yield a solution of (48) satisfying all the conditions of (46). Setting s Nn = I N /n in the second equation of (49) we have the following result.
Proposition 5.3. Given admissible data and a choice of m 1 , m 2 as above the admissible metric (43), with Θ(z) =
and F (z) given by (52), is KE iff 2rI N /n = (1 + r)/m 2 + (1 − r)/m 1 and (51) are both satisfied.
Lemma 5.4. For the log pair (S n , ∆) with
the orbifold Chern class equals
where c 1 (N) is viewed as a pull-back
Proof. The usual argument gives that
and the lemma now follows from the fact that
One can verify the last fact by using the explicit Ricci form above for some convenient choice of admissible metric (e.g. take F (z) = (1 − z 2 )p(z)) in the case m 1 = m 2 = 1, but it should also follow from general principles.
In order to prove Theorem 1.1, we now assume that (S n , ∆) arises as the quotient of the flow of a quasi-regular Reeb vector field, ξ v , as in Theorem 3.11. Since c 1 (D) = 0, the Kähler class of the quotient metric must be a multiple of c
and thus Ω r is a multiple of c orb 1 (S n , ∆) precisely when the first condition of Propostion 5.3, namely 2rI N /n = (1 + r)/m 2 + (1 − r)/m 1 , is satisfied. Using the formulas for n, m 1 and m 2 in Theorem 3.11 we get
Remark 5.5. As can be seen in our paper [BTF14b], the factor relating the Kähler class of the quotient metric and the Kähler class Ω r only depends on the initial choice of l 2 (to be precise the factor is l 2 /4π), so for simplicity we will simply ignore it from here on out. Canceling out common factors, Proposition 5.3 implies that (up to isotopy) the Sasaki structure associated to ξ v is η-Einstein (and thus, up to transverse homothety, SE) iff (53)
For convenience we set w 2 /w 1 = t and v 2 /v 1 = c. For the admissible set-up to make sense we assume c = t. We also assume 0 < t < 1 (i.e. w 1 > w 2 ). Now equation (53) is equivalent to
Let f (c) denote the left hand side of (54) and assume t ∈ (0, 1) ∩ Q is fixed. Now it is easy to check that
Thus ∃c t ∈ (t, +∞) such that (54) is solved. Usually this c t will be irrational. As discussed in Remark 5.4 of [BTF14a], this will correspond to an irregular SE structure. In order to understand this we give the admissible construction on the Sasaki level. Let M 0 denote the subspace of M l 1 ,l 2 ,w where ξ v acts freely. Note that M 0 is independent of v and is the total space of a circle bundle over S n0 . Moreover, for any v we have We then get a Sasaki metric in the usual way, namely g v = g T + η v ⊗η v together with the full Sasakian structure S v = (ξ v , η v , Φ v , g v ). Although this construction was done for a pair of relatively prime positive integers v 1 , v 2 we see that by continuity all the data in the construction makes perfect sense on M l 1 ,l 2 ,w for any pair of positive real numbers v 1 , v 2 . This defines the admissible Sasaki data in the case of irregular Sasakian structures. Thus, an irregular solution to Equation (54) gives a positive η-Einstein metric on the Sasaki manifold and hence an SE metrics by a transverse homothety.
Example 5.6. Although the majority of the SE structures obtained in this paper are irregular, we can, however, produce many quasi-regular SE cases as follows: Set c = kt. Then (54) is equivalent with (1 + z) ((k+1)+(k−1)z) d N dz.
Proof. The first inequality is obvious and the next is equivalent to By integrating, this in turn is equivalent to
we observe that p(1) = p ′ (1) = 0 while p ′′ (k) > 0 for all k > 1. Thus p(k) > 0 for all k > 1 and hence the inequality holds. Now it follows that for any given k ∈ (1, +∞) ∩ Q, ∃t ∈ (0, 1) ∩ Q (determined by (58)) such that if the co-prime integers w 1 and w 2 are such that w 2 /w 1 = t and then co-prime integers v 1 and v 2 are such that v 2 /v 1 = kt (and l 1 and l 2 are chosen according to Lemma 3.1) then the ray determined by (v 1 , v 2 ) in the w-Sasaki cone contains a quasi-regular SE structure.
Note that when d N = 1, equation (58) is t = 2 + k k (1 + 2k) .
The quasi-regular SE solutions [GMSW04b] for Y p,q , as described in Example 3.8, are recovered by choosing k = q + 4p 2 − 3q 2 2(p − q) , assuming, as is prescribed by e.g. Theorem 11.4.5 in [BG08] , that 4p 2 − 3q 2 = n 2 , for some n ∈ Z. Note that, conversely for k = a/b with co-prime a > b ∈ Z + , we have p = ab + a 2 + b 2 and q = a 2 − b 2 . In general, the following result follows from Theorem 1.1. Moreover, equation (60) can always be solved for some a ∈ R. Thus we realize that (up to isotopy) the Sasaki structure associated to every single ray, ξ v , in our w-Sasaki cone is a Sasaki-Ricci soliton (as defined in [FOW09] ). We mention also that Sasaki-Ricci solitons on toric 5-manifolds were studied in [LTF13] .
Our set-up (starting from a join construction) allows for cases where no regular ray in the w-Sasaki cone exists. If, however, the given w-Sasaki cone does admit a regular ray, then the transverse Kähler structure is a smooth Kähler Ricci soliton and the existence of an SE metric in some ray of the Sasaki cone is predicted by the work of [MN13] .
Another generalization of (48) would be to require that (62) F ′′ (z) = (1 + rz)
where P (z) is a polynomial of degree 2 satisfying that (63) P (−1/r) = 2d N s Nn r.
It is well known that this corresponds to extremal Kähler metrics (see e.g. [ACGTF08b] ). Moreover, similarly to the smooth case, one easily sees that (62) with (63) has a unique solution F (z) satisfying the endpoint conditions of (46). Finally, since N is here a positive Kähler-Einstein metric, this polynomial F (z) also satisfies the positivity condition of (46) by the standard root-counting argument introduced by Hwang [Hwa94] and Guan [Gua95] . Thus (up to isotopy) the Sasakian structure associated to every single ray, ξ v , in our w-Sasaki cone is extremal.
